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An analytical approach to calculate the stress of an arbitrary located penny-shaped crack interacting with
inclusions and voids is presented. First, the interaction between a penny-shaped crack and two spherical
inclusions is analyzed by considering the three-dimensional problem of an inﬁnite solid, composed of an
elastic matrix, a penny-shaped crack and two spherical inclusions, under tension. Based on Eshelby’s
equivalent inclusion method, superposition theory of elasticity and an approximation according to the
Saint–Venant principle, the interaction between the crack and the inclusions is systematically analyzed.
The stress intensity factor for the crack is evaluated to investigate the effect of the existence of inclusions
and the crack–inclusions interaction on the crack propagation. To validate the current framework, the
present predictions are compared with a noninteracting solution, an interacting solution for one spherical
inclusion, and other theoretical approximations. Finally, the proposed analytical approach is extended to
study the interaction of a crack with two voids and the interaction of a crack with an inclusion and a void.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
In the last few decades, with the increasing use of composite
materials and the accompanying need for reliable methods of
strength analysis, the analytical prediction and numerical simula-
tion of the performance and damage of brittle and quasi-brittle
composites are of considerable interest to researchers. Cracks are
probably the most common structural defects that can appear dur-
ing the manufacturing or utilization process, their presence may
lead to signiﬁcant decrease in mechanical properties and strength
of composites (Kushch, 1998b). Cracks also induce local stress con-
centrations and thereby increase the risk of rupture (Kushch and
Sangani, 2000). To understand more deeply the nature of this phe-
nomenon, the interaction between cracks, inclusions, and other
phases on the micro-level should be studied.
Numerous investigations can be found in the literature concern-
ing the study of the interactions among cracks, inclusions and
voids. Yang et al. (2004) investigated the interaction between an
inclusion of arbitrary shape and a crack. The same problem of ri-
gid-disc inclusion and a penny-shaped crack can be found in My-
khas’kiv and Khay (2009). Shodja et al. (2003) considered the
interaction between cracks and ellipsoidal inhomogeneities. A
three-dimensional analysis for dynamic inﬂuence of rigid disk-
shaped inclusion on neighboring crack was conducted by Mykhas’-
kiv et al. (2008).ll rights reserved.
: +82 42 869 3610.An attempt to combine the superposition principle of elasticity
theory with Eshelby’s equivalent inclusion method to study the
problem for a crack located near one inclusion was undertaken
by Xiao and Pae (1991), Xiao (1997) and Lee and Ju (2007). The
superposition scheme was also used in Pijaudier-Cabot and Bazant
(1991) and Kirilyuk (2001). In addition, Demir et al. (2001) repre-
sented cracks by dislocation density distributions and the effect of
crack-defect interaction on the initial crack propagation direction
were determined by solving a set of coupled integral equations.
The application of the multipole expansion method to analyze
the problem of cracks and inclusions was proposed by Kushch
(1998a,b).
Up to date, most of the researches conducted on crack–inclu-
sion interaction were concentrated with one inclusion only. The
reason lies with the mathematical difﬁculties that arise with
the problem itself. Chen and Acrivos (1978), Moschovidis and
Mura (1975) and Rodin and Hwang (1991) derived solutions of
linear elasticity for an inﬁnite medium containing multiple
inclusions.
However, several attempts have been made to give solutions for
interaction of cracks with two or more inclusions (Sendeckyj,
1974; Pijaudier-Cabot and Bazant, 1991; Kushch, 1998a,b). Kushch
(1998b) derived a solution for a ﬁnite array of interacting of arbi-
trary size, shape, position, orientation and elastic properties of
spherical inclusions, voids and penny-shaped cracks. Kushch
(1998b) performed numerical simulations for a penny-shaped
crack interacting with an inclusion only. Sendeckyj (1974)
investigated the speciﬁed simple case when a crack formed at
the midway of two rigid circular cylindrical inclusion centers,
Fig. 2. Two inclusions under far ﬁeld stress.
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tion for the two-dimensional problem only.
Note that no studies of the closed form, three-dimensional (3D)
interaction formulations between two inclusions and an arbitrarily
located crack have been reported in the literature. Hence, this
study attempts to derive the closed form approximate solution of
the interaction of a penny-shaped crack with inclusions and voids.
The interaction between spherical inclusions, voids, and a pen-
ny-shaped crack in three-dimensionally inﬁnite solid is investi-
gated in this paper. The analysis is based on Eshelby’s equivalent
inclusion method and superposition theory of elasticity. First, the
solution for an arbitrarily oriented and arbitrarily located penny-
shaped crack interacting with two inclusions is proposed. The ef-
fect of the existence of inclusions and the crack–inclusions interac-
tion on crack propagation is interpreted in terms of the stress
intensity factor for a penny-shaped crack. To validate the current
framework, the present predictions are compared with the nonin-
teracting solution, the interacting solution for one spherical inclu-
sion, and other theoretical approximations. Moreover, the crack–
two voids interaction and the crack interacting with an inclusion
and a void are analyzed by extending the proposed analytical ap-
proach. The study is restricted to cases in which the bond between
the matrix and the inclusions is perfect. Partial debonding and
interfacial cracking are not considered.
Our study is based on an inﬁnite three dimensional brittle com-
posite model consisting of an elastic matrix with a bulk modulus
K0 and shear modulus l0, two spherical inclusions of radius R with
bulk modulus K1 and shear modulus l1, and a randomly distrib-
uted penny-shaped crack of radius c. The matrix is under uniaxial
tension r0zz in the z direction at inﬁnity. The distance between two
inclusions is a and location of the penny-shaped crack is deﬁned by
position vectors r1 and r2 measured from the centers of inclusions
1 and 2, respectively, as shown in Fig. 1(a). The penny-shaped crack
is inclined at an angle of a to xy-plane. The effect of existence of the
inclusions and crack–inclusions interaction on the crack propaga-
tion is investigated by evaluating the stress intensity factor for a
penny-shaped crack.
As depicted in Fig. 1, the interaction between a crack and two
identical inclusions is analyzed by using the superposition princi-
ple of elasticity theory. The physical problem shown in Fig. 1(a)
can be solved by analyzing two sub-problems in Fig. 1(b) and (c).
Fig. 1(b) presents a problem with only two inclusions (no crack)
in an inﬁnite solid under the stress r0zz at inﬁnity. Fig. 1(c) describes
two inclusions and a crack embedded in the matrix with no stress
at inﬁnity. The crack is under stresses, ðrz0z0 Þcr and ðrz0r0 Þcr, which
are the stresses distributed at the crack domain in Fig. 1(b), exerted
on the surfaces. Therefore, the original problem is equal to the sum
of Fig. 1(b) and (c).(a)                                       (b)  
Fig. 1. Problem deﬁnition an2. Approximate solution of stress ﬁelds around spherical
inclusions
The sub-problem in Fig. 1(b) is investigated in this section (see
Fig. 2). The total stress at any point x in the matrix is the superpo-
sition of the far-ﬁeld stress r0 and the perturbed stress r0 due to
the presence of the inclusions as (Mura, 1987).
rðxÞ ¼ r0 þ r0ðxÞ ð1Þ
Further, the perturbed strain ﬁeld induced by distributed eigen-
strains , denoted by 0ðxÞ, is given by (Ju and Chen, 1994):
0ðxÞ ¼
Z
X1
Gðx x0Þ : 1ðx0Þdx0 þ
Z
X2
Gðx x0Þ : 2ðx0Þdx0 ð2Þ
in which i ðx0Þ is the elastic eigenstrain in the ith-inclusion (i ¼ 1;2
only), and x0 resides in the ith-inclusion. In addition, the compo-
nents of the fourth-rank tensor G read (Ju and Chen, 1994):
Gijklðxx0Þ¼ 18pð1m0Þr^3 Fijklð15;3m0;3;36m0;1þ2m0;12m0Þ
ð3Þ
where r^  x x0; r^  kr^k, and m0 is the Poisson’s ratio of the matrix
material.
The elastic eigenstrain i ðxÞ in the ith-inclusion is obtained
based on Eshelby’s equivalence principle. The perturbed strain ﬁeld
0ðxÞ induced by inclusions can be related to speciﬁed eigenstrains
i ðxÞ by replacing the inclusions with the matrix material. Accord-
ingly, for the domain of ith-inclusion with elastic stiffness tensor
C1, we have (Mura, 1987)                                       (c) 
d superposition scheme.
Fig. 3. Original and transformed coordinate systems.
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C1 : ½0 þ 0ðxÞ ¼ C0 : ½0 þ 0ðxÞ  2ðxÞ in X2
ð4Þ
where Xi ði ¼ 1;2Þ denotes the domain of ith-inclusion. Note that
1 ¼ 2 ¼  due to the symmetry of the two inclusions. From Eq.
(2), the perturbed strain ﬁeld 0ðxÞ can be written in terms of the
interior-point and exterior-point Eshelby’s tensors S and G as
0ðxÞ ¼ Sþ G  : ðxÞ ð5Þ
Here, the components of G is given by Ju and Chen (1994) as
GðrÞ ¼ 1
30ð1 m0Þ
R
r
 3
H1 þ Rr
 5
H2
" #
ð6Þ
in which the fourth-rank tensors H1 and H2 are given by
H1ðrÞ  5Fijklð15;3m0;3;3 6m0;1þ 2m0;1 2m0Þ
H2ðrÞ  3Fijklð35;5;5;5;1;1Þ
ð7Þ
where r  x1  x2; r  krk. Substituting 1 ¼ 2 ¼  and Eq. (5) into
Eq. (4) leads to
 ¼ C1  ðSþ GÞ  C0  ðSþ GÞ þ C0
h i1
 I C1  ðC0Þ1
h i
: r0 ¼ g : r0
ð8Þ
with
g ¼ Fijkl dr1; dr2; dr3; dr4; dr5; dr6
  ð9Þ
where ‘.’ denotes the tensor multiplication, and the components
dr1; . . . ;d
r
6 are listed in Appendix A.1.
From Eqs. (8) and (9), the eigenstrain at the center of inclusions
can be written as
ðÞc ¼ ðda4di2dj2 þ da5dij þ 2da6di3dj3Þr0 ð10Þ
in which the components da4; d
a
5; and d
a
6 are given in Appendix A.2.
To calculate the integrals in Eq. (2), the eigenstrain ﬁeld ðxÞ in-
side inclusions is assumed to be uniformly distributed with the va-
lue of the eigenstrain at the center of inclusion ðÞc. The perturbed
strain ð0Þcr at the crack location is
ð0ÞcrðxÞ¼
Z
X1
Gðxx0Þ : ðÞcðx0Þdx0 þ
Z
X2
Gðxx0Þ : ðÞcðx0Þdx0 ð11Þ
ð0Þcr¼ðG1þ G2Þ : ðÞc ð12Þ
where G1ðr1Þ and G2ðr2Þ are the exterior-point Eshelby’s tensors
deﬁned by the position vectors r1 and r2, respectively. r1 ¼ kr1k;
r2 ¼ kr2k; ðnÞ1 ¼ r1=r1; ðnÞ2 ¼ r2=r2; ðn1Þ1 ¼ e=r1; ðn2Þ1 ¼ g=r1; ðn3Þ1 ¼
b=r1; ðn1Þ2 ¼ e=r2; ðn2Þ2 ¼ d=r2; ðn3Þ2 ¼ b=r2. The distances a; b; d;
e; g are illustrated in Fig. 2.
The stress at the crack location in Eq. (1) is, thus, given by
ðrÞcr ¼ r0 þ C0 : ð0Þcr ¼ r0 þ C0  ðG1 þ G2Þ : ðÞc ð13Þ
The stresses at the crack location can be explicitly rendered by
substituting Eq. (10) into Eq. (13) as
ðrÞcr ¼ r0ij þ r0 da5 f r11 ½ðn1Þ12ðniÞ1ðnjÞ1 þ f r21 ½ðn1Þ22ðniÞ2ðnjÞ2
nn
þ 2f r12 ½di1ðn1Þ1ðnjÞ1 þ dj1ðn1Þ1ðniÞ1 þ 2f r22 ½di1ðn1Þ2ðnjÞ2
þ dj1ðn1Þ2ðniÞ2 þ f r13 ½ðn1Þ12dij þ f r23 ½ðn1Þ22dij þ f r14 ðniÞ1ðnjÞ1
þ f r24 ðniÞ2ðnjÞ2 þ ðf r15 þ f r25 Þdij þ 2ðf r16 þ f r26 Þdi1dj1
o
þ ðda4 þ da5Þ f r11 ½ðn2Þ12ðniÞ1ðnjÞ1 þ f r21 ½ðn2Þ22ðniÞ2ðnjÞ2
n
þ 2f r12 ½di2ðn2Þ1ðnjÞ1 þ dj2ðn2Þ1ðniÞ1 þ 2f r22 ½di2ðn2Þ2ðnjÞ2
þ dj2ðn2Þ2ðniÞ2 þ f r13 ½ðn2Þ12dij þ f r23 ½ðn2Þ22dij þ f r14 ðniÞ1ðnjÞ1
þ f r24 ðniÞ2ðnjÞ2 þ ðf r15 þ f r25 Þdij þ 2ðf r16 þ f r26 Þdi2dj2
oþ ðda5 þ 2da6Þ f r11 ½ðn3Þ12ðniÞ1ðnjÞ1 þ f r21 ½ðn3Þ22ðniÞ2ðnjÞ2
n
þ 2f r12 ½di3ðn3Þ1ðnjÞ1 þ dj3ðn3Þ1ðniÞ1 þ 2f r22 ½di3ðn3Þ2ðnjÞ2
þ dj3ðn3Þ2ðniÞ2 þ f r13 ½ðn3Þ12dij þ f r23 ½ðn3Þ22dij þ f r14 ðniÞ1ðnjÞ1
þ f r24 ðniÞ2ðnjÞ2 þ ðf r15 þ f r25 Þdij þ 2ðf r16 þ f r26 Þdi3dj3
oo
ð14Þ
where the components f r11 ; . . . ; f
r1
6 and f
r2
1 ; . . . ; f
r2
6 are summarized in
Appendix A.3.
We now deﬁne a new coordinate system 0x0y0z0 as shown in
Fig. 3. The stress at the crack location is calculated as
ðrz0x0 Þcr ¼ ðrxyÞcr sinaþ ðrxzÞcr cosa
ðrz0y0 Þcr ¼ ½ðryyÞcr  ðrzzÞcr sina cosaþ ðryzÞcrðcos2 a sin2 aÞ
ðrz0z0 Þcr ¼ ðryyÞcr sin2 aþ ðrzzÞcr cos2 aþ 2ðryzÞcr sina cosa
ðrz0r0 Þcr ¼ ðrz0x0 Þcr cos/þ ðrz0y0 Þcr sin/
ð15Þ
in which ðrijÞcr are given in Eq. (14), and
cos/ ¼ eﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2 þ g2
p ; sin/ ¼ gﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2 þ g2
p ð16Þ3. Effect of crack–two inclusions interaction
We now determine the solution of sub-problem 2 in Fig. 4 by
adopting Eshelby’s equivalent inclusion method. The inclusions
in Fig. 4(a) can be replaced with the matrix material by applying
eigenstrains inside the inclusion domains. Hence, the correspond-
ing problem in Fig. 4(a) can be further decomposed into the prob-
lems in Fig. 4(b) and (c). Fig. 4(b) is the solid consisting of two
inclusions only with the unknown eigenstrains 1 and 

2. More-
over, in Fig. 4(c), the crack alone with the unknown stresses
rtz0z0 ¼ ðrz0z0 Þcr þuðrz0z0 Þcr and rtz0r0 ¼ ðrz0r0 Þcr þuðrz0r0 Þcr exerted on
the surfaces is considered (see also, Xiao, 1997; Lee and Ju,
2007). Note that uðrz0z0 Þcr and uðrz0r0 Þcr are the stress distribution
on the crack domain in Fig. 4(b).
For simplicity, rtz0z0 and rtz0r0 are assumed to be uniform over the
crack site according to the Saint–Venant principle (see also, Xiao,
1997; Lee and Ju, 2007). Obviously, the stress intensity factors
must change along the crack front within the framework of the
present problems. Since the adopted Saint–Venant principle is
not so good applicable for the adequate modeling the situation
due to the high gradients of stress ﬁelds, the proposed analytical
formulations are a closed form approximation for stress ﬁelds of
(a)                                    (b)                                  (c) 
Fig. 4. Decoupling of the sub-problem 2 in Fig. 1(c).
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and voids.
The stress ﬁeld at the center of inclusions 1 and 2 in Fig. 4(c) can
be expressed as (Fabrikant, 1989)
ðrx0x0 Þ1 ¼ ðry0y0 Þ1 ¼ n11rtz0z0
ðrz0z0 Þ1 ¼ n12rtz0z0
ð17Þ
ðrx0x0 Þ2 ¼ ðry0y0 Þ2 ¼ n21rtz0z0
ðrz0z0 Þ2 ¼ n22rtz0z0
ð18Þ
where the parameters n11; n
1
2; n
2
1, and n
2
2 are given in Appendix B.1.
Applying Eq. (4) to the sub-problem 2 (Fig. 1(c)), the eigenstrains
1 and 

2 can be found as
1 ¼
Aþ B
2
: r1 þ A B2 : r2 ¼ T : r1 þ U : r2
2 ¼
A B
2
: r1 þ Aþ B2 : r2 ¼ U : r1 þ T : r2
ð19Þ
where
A ¼ C1  S C0  ðS IÞ þ ðC1  C0Þ  G0
h i1
 I C1  ðC0Þ1
h i
B ¼ C1  S C0  ðS IÞ  ðC1  C0Þ  G0
h i1
 I C1  ðC0Þ1
h i ð20Þ
with
T ¼ Aþ B
2
¼ FijklðtmÞ
U ¼ A B
2
¼ FijklðumÞ
ð21Þ
in which the components t1; . . . ; t6 and u1; . . . ; u6 are listed in
Appendix B.2, and G0ðx02Þ is the exterior-point Eshelby’s tensor de-
ﬁned by the position vector x02 which correspond to x2 in new coor-
dinate system 0x0y0z0.
The problem in Fig. 4(b) is similar to that in Fig. 1(b) in sub-
problem 1. By carrying out some lengthy algebra, the perturbed
stress ﬁeld at the crack location due to the eigenstrains is given by
ðrÞcr¼rtz0z0 V1 q1 n011
 2
n01i n
01
j þ2q2 di1n011 n01j þdj1n011 n01i
 
þq3 n011
 2hn
dijþq4n01i n01j þq5dijþ2q6di1dj1
i
þV2 q1 n012
 2
n01i n
01
j
h
þ2q2 di2n012 n01j þdj2n012 n01i
 
þq3 n012
 2
dijþq4n01i n01j þq5dij
þ2q6di2dj2
	þV3 q1 n013 2n01i n01j þ2q2 di3n013 n01j þdj3n013 n01i h
þq3 n013
 2
dijþq4n01i n01j þq5dijþ2q6di3dj3
i
þV4 q01ðn021 Þ2n02i n02j þ2q02ðdi1n021 n02j þdj1n021 n02i Þþq03ðn021 Þ2dij
h
þq04n02i n02j þq05dijþ2q06di1dj1
i
þV5 q01ðn022 Þ2n02i n02j þ2q02ðdi2n022 n02j
h
þdj2n022 n02i Þþq03ðn022 Þ2dijþq04n02i n02j þq05dijþ2q06di2dj2
i
þV6 q01ðn0
2
3 Þ2n02i n02j þ2q02ðdi3n023 n02j þdj3n023 n02i Þþq03ðn023 Þ2dij
h
þq04n02i n02j þq05dijþ2q06di3dj3
io
ð22Þwhere the components q1; . . . ; q6 and q01; . . . ; q
0
6 are listed in Appen-
dix B.3, and the components V1; . . . ;V3 are given by
V1 ¼ t3 n11 cos2 aþ n12 sin2 a
 
þ t5 2n11 þ n12
 þ 2t6n11
þ u3 n21 cos2 aþ n22 sin2 a
 
þ u5 2n21 þ n22
 þ 2u6n21 ð23Þ
V2 ¼ t1 n11 cos4 aþ n12 sin2 a cos2 a
 
þ 2t2n11 cos2 a
þ t3 n11 cos2 aþ n12 sin2 a
 
þ t4 2n11 þ n12
 
cos2 a
þ t5 2n11 þ n12
 þ 2t6n11
þ u1 n21 cos4 aþ n22 sin2 a cos2 a
 
þ 2u2n21 cos2 a
þ u3 n21 cos2 aþ n22 sin2 a
 
þ u4 2n21 þ n22
 
cos2 a
þ u5 2n21 þ n22
 þ 2u6n21 ð24Þ
V3 ¼ t1 n11 sin2 a cos2 aþ n12 sin4 a
 
þ 2t2n12 sin2 a
þ t3 n11 cos2 aþ n12 sin2 a
 
þ t4 2n11 þ n12
 
sin2 a
þ t5 2n11 þ n12
 þ 2t6n11
þ u1 n21 sin2 a cos2 aþ n22 sin4 a
 
þ 2u2n22 sin2 a
þ u3 n21 cos2 aþ n22 sin2 a
 
þ u4 2n21 þ n22
 
sin2 a
þ u5 2n21 þ n22
 þ 2u6n21 ð25ÞIn addition, the components V4;V5;V6 are obtained by replacing
ti and ui in Eqs. (23)–(25) with ui and ti, respectively. From Eq.
(22), the stress at the crack location due to eigenstrains 1 and 

2
read
ðrz0x0 Þcr ¼ rtz0z0S
ðrz0y0 Þcr ¼ rtz0z0P
ðrz0z0 Þcr ¼ rtz0z0Q
ð26Þ
where
S ¼ V1 q1 n011
 3
n013 þ 2q2n011 n013 þ q4n011 n013
h i
þ V2 q1 n012
 2
n011 n
01
3 þ q4n011 n013
h i
þ V3 q1ðn013 Þ3n011 þ 2q2n011 n013 þ q4n011 n013
h i
þ V4 q01ðn021 Þ3n023 þ 2q02n021 n023 þ q04n021 n023
h i
þ V5 q01ðn022 Þ2n021 n023 þ q04n021 n023
h i
þ V6 q01ðn023 Þ3n021 þ 2q02n021 n023 þ q04n021 n023
h i
ð27Þ
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Fig. 5. Variation of the normalized mode I stress intensity factor for the crack
located along the line perpendicular to the y-axis at the midpoint of the centers of
two inclusions.
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 2
n013 n
01
2 þ q4n013 n012
h i
þ V2 q1 n012
 3
n013 þ 2q2n012 n013 þ q4n012 n013
h i
þ V3 q1ðn013 Þ3n012 þ 2q2n012 n013 þ q4n012 n013
h i
þ V4 q01ðn021 Þ2n023 n022 þ q04n022 n023
h i
þ V5 q01ðn022 Þ3n023 þ 2q02n022 n023 þ q04n022 n023
h i
þ V6 q01ðn023 Þ3n022 þ 2q02n022 n023 þ q04n022 n023
h i
ð28Þ
Q ¼ V1½q1 n011
 2ðn013 Þ2 þ q3 n011 2 þ q4ðn013 Þ2 þ q5
þ V2½q1 n012
 2ðn013 Þ2 þ q3 n012 2 þ q4ðn013 Þ2 þ q5
þ V3½q1ðn013 Þ4 þ 4q2ðn013 Þ2 þ q3ðn013 Þ2 þ q4ðn013 Þ2 þ q5
þ 2q6 þ V4½q01ðn021 Þ2ðn023 Þ2 þ q03ðn021 Þ2 þ q04ðn023 Þ2 þ q05
þ V5½q01ðn022 Þ2ðn023 Þ2 þ q03ðn022 Þ2 þ q04ðn023 Þ2 þ q05
þ V6½q01ðn023 Þ4 þ 4q02ðn023 Þ2 þ q03ðn023 Þ2 þ q04ðn023 Þ2 þ q05
þ 2q06 ð29Þ
Further, it is noted that
rtz0r0 ¼ ðrz0r0 Þcr þuðrz0r0 Þcr ¼ ðrz0r0 Þcr þ ðrz0r0 Þcr
rtz0z0 ¼ ðrz0z0 Þcr þuðrz0z0 Þcr ¼ ðrz0z0 Þcr þ ðrz0z0 Þcr
ð30Þ
The combination of Eqs. (26) and (30) results in
rtz0r0 ¼ ðrz0r0 Þcr þ
ðS cos/þ P sin/Þ
1 Q ðrz0z0 Þ
cr
rtz0z0 ¼
ðrz0z0 Þcr
1 Q
ð31Þ
where the stresses ðrz0z0 Þcr and ðrz0r0 Þcr are previously given in Eq.
(15).
4. Numerical examples and discussion
A series of simulations on numerical examples are conducted in
this section to illustrate the effect of crack–inclusions interaction
on crack propagation. The mode I stress intensity factors on the
boundary of the crack are calculated for different conﬁgurations.
For convenience, we adopt the same material parameters as those
used in Lee and Ju (2007) and Xiao (1997) as follows: the Poisson
ratios of the matrix and the inclusions are the same as
m1 ¼ m0 ¼ 1=3; the ratios of Lame constants and Young’s modulus
of matrix to those of inclusions are assumed to be the same:
k1=k0 ¼ l1=l0 ¼ E1=E0 ¼ f. Moreover, the radius of the penny-
shaped crack is taken as a half of the radius of the spherical inclu-
sions ðc ¼ 0:5RÞ, and the distance between the centers of two inclu-
sions is a ¼ 6c. The centers of two inclusions and the center of the
crack are on yz plane and the centers of the two inclusions are
along the y-axis. The crack plane is parallel to the x-axis and in-
clined to the xy plane at an angle of a.
We begin our numerical analysis in case the crack is located
along the line perpendicular to the y-axis at the midpoint of the
centers of the two inclusions (Fig. 5). It is observed from Fig. 5 that
there exist two threshold locations along the line perpendicular to
the y-axis at the midpoint of the centers of the two inclusions: one
at which K I=K
0
I is at a maximum (the upper threshold location) and
the other at which it is equal to unity (the middle threshold loca-
tion). K I=K
0
I increases as the crack approaches the upper threshold
location, while it decreases as the crack moves in the opposite
direction. It decreases to unity if the crack moves from the upper
threshold location to the middle threshold location or to inﬁnity,is less than unity if the crack is located below the middle threshold
location, and exceeds unity if the crack is located above the middle
threshold location. It is note from Fig. 5 that harder inclusions lead
to a higher stress intensity factor, demonstrating the crack ampli-
ﬁcation effect.
In Fig. 6, the predicted K I=K
0
I in case the centers of the second
inclusion and crack are along the z-axis are displayed. Here, we
reproduce the K I=K
0
I predictions by Lee and Ju (2007) and Xiao
(1997) for comparison. It is clear, from Fig. 6, that the presence
of the ﬁrst inclusion affects the upper threshold location. If there
exists only one inclusion, the nearer the crack location the larger
the normalized stress intensity factor value. However, in the case
of two inclusions the upper threshold location is 2.6c from the
inclusion center as shown in Fig. 6. It is also observed that the max-
imum value of K I=K
0
I in the case of two inclusions is about 4% high-
er than that predicted by Xiao (1997) and about 13% lower than
that predicted by Lee and Ju (2007).
In order to evaluate the accuracy of the proposed framework
and to estimate the applicability bounds of the proposed method,
we consider the benchmark test problem solved by Shodja et al.
(2003) and Kushch (1998b), namely, one inclusion and one crack
problem. The problem, in fact, is equivalent to the present problem
deﬁnition on a crack interacting with two inclusions given in
Fig. 1(a) with the condition that the distance between the inclu-
sions is sufﬁciently large so that the effect of the inclusion on the
left in Fig. 1(a) can be neglected. The crack is assumed to be located
in the plane z ¼ 0.
Table 1 summarizes the comparison of the present prediction
and the predictions by Shodja et al. (2003) and Kushch (1998b).
Note that the present theoretical prediction is to estimate the aver-
age normalized amplitude of mode I SIF over the crack surface
since the stress ﬁelds over the crack surface are assumed to be uni-
form in the present study following the Saint–Venant principle,
whereas Shodja et al. (2003) and Kushch (1998b) estimated the
normalized amplitude of mode I SIF at the crack front (point A in
Table 1) nearest to the inclusion. It is shown from Table 1 that
when the distance between the centers of the inclusion and the
crack, denoted by d, is 3.5c, the error between the predicted
K I=K
0
I by this study and the predicted K I=K
0
I by Shodja et al.
(2003) and Kushch (1998b) is about 13%. This error increases as
d decreases. It can thus be said that the proposed method is not
suitable to estimate stress ﬁeld or SIF of a crack near an inclusion,
which is of certain limitation of the present work. However, this
Fig. 6. Variation of the normalized mode I stress intensity factor for the crack located above the inclusion 2.
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should be subject of future work for more accurate stress analysis
of a crack interacting with inclusions and voids.
The effect of angle of crack plane and crack location along the
centers of the two inclusions on the K I=K
0
I is shown in Figs. 7 and
8. The Lame constant ratio l1=l0 is ﬁxed to be four and the dis-
tance from the crack center to the y-axis is 4c. The crack is located
along the line perpendicular to the y-axis at the midpoint of the
centers of the two inclusions in Fig. 7 and the angle of crack plane
is a ¼ 45 in Fig. 8. Obviously, K I=K0I increases as the angle a in-
creases, as shown in Fig. 7. The variation of K I=K
0
I is quite complex
as shown in Fig. 8. K I=K
0
I reaches its smallest value at g = 4c, and
reaches its largest value at g = 7c. This value decreases to less than
unity if the crack moves further.Table 1
Comparison of the normalized mode I SIFs for the crack located in plane z ¼ 0.
d l1
l0 This study ðK I=K
0
I Þ Shodja et al. (2003)
ðK I=K0I Þ
Kushch (1998b)
ðK I=K0I Þ
3.5c 0 1.049 1.279 1.273
0.5 1.021 1.092 1.089
2 0.970 0.908 0.911
10 0.893 0.773 0.781
1000 0.843 0.722 0.732
3.2c 0 1.058 1.49 1.5
0.5 1.025 1.16 1.16
2 0.964 0.83 0.84
10 0.870 0.59 0.60
1000 0.809 0.50 0.51
3.1c 0 1.062 1.66
0.5 1.027 1.21
2 0.961 0.79
10 0.861 0.49
1000 0.797 0.38
3.05 0 1.064 1.82
0.5 1.028 1.26
2 0.960 0.75
10 0.857 0.41
1000 0.791 0.295. Interaction between a penny-shaped crack and two spherical
voids
The interaction between a penny-shaped crack and two (spher-
ical) inclusions is considered in the previous sections. To study
crack–two voids interaction, the elastic constants of the inclusions
are assumed to be zero. With the same material parameters and
geometry dimensions as those presented in Section 4, two conﬁg-
urations are analyzed to demonstrate the inﬂuence of angle of
crack plane and horizontal distance of crack center from coordinate
origin on the K I=K
0
I .
The effect of angle of crack plane is shown in Fig. 9(a). It is ob-
served that K I=K
0
I decreases with increasing angle of crack plane,
and the decrease in K I=K
0
I becomes more pronounced as the angle
of crack plane is closer to 90. The inﬂuence of horizontal distance
of crack center from the origin of the coordinate is shown in
Fig. 9(b). It is noted that theK I=K
0
I curve in Fig. 9(a) and (b) has an in-
verse shape compared with the K I=K
0
I curve given in Figs. 7 and 8.
This phenomenon can be explained by considering the value of the
Lame constant ratio l1=l0 in the two cases. The Lame constants of
voids are zero which is smaller than the Lame constants of the ma-
trix, while the Lame constants of inclusions are four times larger
than the ones of the matrix in the previous case in Figs. 7 and 8.1
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Fig. 7. Variation of the normalized mode I stress intensity factor for the crack with
respect to the variation of the crack plane angle in the case of f ¼ 4; b ¼ 4c; g ¼ 3c.
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Fig. 9. The normalized mode I stress intensity factor for the crack considering
crack–two voids interaction.
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Fig. 8. The variation of the normalized mode I stress intensity factor for the crack
moved along the y-direction in the case of f ¼ 4; b ¼ 4c; a ¼ 45 .
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The general solution for crack–two inclusions interaction is pre-
sented in Sections 2 and 3. This method can also be used for solving
the interaction of a penny-shaped crack with an inclusion and a
void. In this case, the inclusion 2 is replaced with a void and its
elastic constants are assumed to be zero. Applying Eq. (4) to this
case, the eigenstrains are given by
1¼ D1  ½IC1  ðC0Þ1þD1  ðC0C1Þ  G  ðISÞ1  ðC0Þ1
n o
:r0;
2¼ðISÞ1  G D1  ½IC1  ðC0Þ1þ G D1  ðC0C1Þ  G
n
ðISÞ1  ðC0Þ1þðC0Þ1
o
:r0 ð32Þ
with
D ¼ ðC1  C0Þ  Sþ ðC1  C0Þ  G  ðI SÞ1  Gþ C0 ð33Þ
The stresses at the crack location are given by
ðrÞcr ¼r0ijþr0zz eA5 f r11 ½ðn1Þ12ðniÞ1ðnjÞ1þ2f r12 ½di1ðn1Þ1ðnjÞ1
nn
þdj1ðn1Þ1ðniÞ1þ f r13 ½ðn1Þ12dijþ f r14 ðniÞ1ðnjÞ1þ f r15 dij
þ2f r16 di1dj1

þðeA4þeA5Þ f r11 ½ðn2Þ12ðniÞ1ðnjÞ1þ2f r12 ½di2ðn2Þ1ðnjÞ1n
þdj2ðn2Þ1ðniÞ1þ f r13 ½ðn2Þ12dijþ f r14 ðniÞ1ðnjÞ1þ f r15 dij
þ2f r16 di2dj2

þðeA5þ2eA6Þ f r11 ½ðn3Þ12ðniÞ1ðnjÞ1þ2f r12 ½di3ðn3Þ1ðnjÞ1n
þdj3ðn3Þ1ðniÞ1þ f r13 ½ðn3Þ12dijþ f r14 ðniÞ1ðnjÞ1þ f r15 dijþ2f r16 di3dj3
o
þeB5 f r21 ½ðn1Þ22ðniÞ2ðnjÞ2þ2f r22 ½di1ðn1Þ2ðnjÞ2þdj1ðn1Þ2ðniÞ2
n
þf r23 ½ðn1Þ22dijþ f r24 ðniÞ2ðnjÞ2þ f r25 dijþ2f r26 di1dj1
o
þðeB4þeB5Þ f r21 ½ðn2Þ22ðniÞ2ðnjÞ2þ2f r22 ½di2ðn2Þ2ðnjÞ2
n
þdj2ðn2Þ2ðniÞ2þ f r23 ½ðn2Þ22dijþ f r24 ðniÞ2ðnjÞ2þ f r25 dijþ2f r26 di2dj2
o
þðeB5þ2eB6Þ f r21 ½ðn3Þ22ðniÞ2ðnjÞ2þ2f r22 ½di3ðn3Þ2ðnjÞ2
n
þdj3ðn3Þ2ðniÞ2þ f r23 ½ðn3Þ22dijþ f r24 ðniÞ2ðnjÞ2þ f r25 dijþ2f r26 di3dj3
oo
ð34Þ
with the components eA1; . . . ; e
A
6 and e
B
1; . . . ; e
B
6 are deﬁned as
FijklðeAmÞ¼D1  ½IC1  ðC0Þ1
þD1  ðC0C1Þ  G  ðISÞ1  ðC0Þ1
FijklðeBmÞ¼ðISÞ1  G D1  ½IC1  ðC0Þ1
n
þG D1  ðC0C1Þ  G  ðISÞ1  ðC0Þ1þðC0Þ1
o
ð35Þ
The stress components in the new coordinate system 0x0y0z0 are cal-
culated as in Eq. (15). For the case solved in Section 3, the solution
for the eigenstrains in Eq. (19) is
1 ¼ L1  ½I C1  ðC0Þ1 : r1
þ ½L1  ðC0  C1Þ  G0  ðI SÞ1  ðC0Þ1 : r2
2 ¼ ðI SÞ1  G0  L1  I C1  ðC0Þ1
h i
: r1
n
þ G0  L1  ðC0  C1Þ  G0  ðI SÞ1  ðC0Þ1 þ ðC0Þ1
h i
: r2
o
ð36Þ
where the fourth-rank tensor L is given by
L ¼ ðC1  C0Þ  Sþ ðC1  C0Þ  G0  ðI SÞ1  G0 þ C0 ð37Þ
1.02
1.04
1.06
1.08
1.1
 K
I0
b/c=0
b/c=1.5
b/c=2
b/c=4
b/c=7
b/c=10
556 H.K. Lee, X.H. Tran / International Journal of Solids and Structures 47 (2010) 549–558The stress at the crack location due to the eigenstrains given in Eq.
(36) is obtained by replacing V1; . . . ;V6 in Eq. (22) with V
0
1; . . . ;V
0
6,
respectively, as
V 01 ¼ t03 n11 cos2 aþ n12 sin2 a
 
þ t05 2n11 þ n12
 þ 2t06n11
þ u03 n21 cos2 aþ n22 sin2 a
 
þ u05 2n21 þ n22
 þ 2u06n21 ð38Þ0.92
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Fig. 10. The normalized mode I stress intensity factor for the crack considering the
interaction of a crack with an inclusion and a void.V 03 ¼ t01 n11 sin2 a cos2 aþ n12 sin4 a
 
þ 2t02n12 sin2 a
þ t03 n11 cos2 aþ n12 sin2 a
 
þ t04 2n11 þ n12
 
sin2 a
þ t05 2n11 þ n12
 þ 2t06n11
þ u01 n21 sin2 a cos2 aþ n22 sin4 a
 
þ 2u02n22 sin2 a
þ u03 n21 cos2 aþ n22 sin2 a
 
þ u04 2n21 þ n22
 
sin2 a
þ u05 2n21 þ n22
 þ 2u06n21 ð40Þ
V 04;V
0
5;V
0
6 are obtained by replacing t
0
i and u
0
i in Eqs. (38)–(40) with
v i and v 0i, respectively. The components t
0
m; u
0
m;vm; v 0m are given by
Fijklðt0mÞ ¼ L1  ½I C1  ðC0Þ1
Fijklðu0mÞ ¼ L1  ðC0  C1Þ  G0  ðI SÞ1  ðC0Þ1
FijklðvmÞ ¼ ðI SÞ1  G0  L1  ½I C1  ðC0Þ1
Fijklðv0mÞ ¼ ðI SÞ1  ½G0  L1  ðC0  C1Þ  G0  ðI SÞ1
 ðC0Þ1 þ ðC0Þ1
ð41Þ
Numerical results for a penny-shaped crack interacting with an
inclusion and a void are presented in Fig. 10. The same material
properties as those used for the case of two inclusions are adopted
in this numerical example. In addition, the radius of inclusion is as-
sumed to be identical with the radius of the void, which is equal to
two times the radius of the penny-shaped crack. The distance be-
tween the centers of the two inclusions is a ¼ 6c. Fig. 10(a) show
the variation of the K I=K
0
I with respect to the Lame constant ratio
l1=l0 when the crack is located at the mid plane of the inclusion
and the void.
Comparing with Fig. 5, it is observed that the existence of the
void affects the variation of the K I=K
0
I curves. As l1=l0 tends to-
ward inﬁnity in Fig. 5, the K I=K
0
I curves diverge, whereas they con-
verge in Fig. 10(a). Furthermore, in the former case, there exists the
upper threshold location at which K I=K
0
I reaches the maximum but
in the latter case it becomes the lower threshold location due to
the effect of the void.
Fig. 10(b) exhibits the variation of K I=K
0
I when the crack is lo-
cated above the inclusion. The effect of the void on the K I=K
0
I is
more pronounced in this case than the effect of the inclusion 1
on the K I=K
0
I in the case of two inclusions (Fig. 6). The variation
of K I=K
0
I is also shown to be different in each case when the crack
moves along the z-axis. In the latter case (Fig. 10(b)), the nearer the
crack location is, the larger the value of K I=K
0
I produced.7. Concluding remarks
An analytical approach has been presented in this paper to ana-
lyze the interaction between a penny-shaped crack and two spher-
ical inclusions. In our derivation, the interaction between two
(spherical) inclusions and a penny-shaped crack is decoupled into
two steps. The superposition scheme is applied in the ﬁrst step to
transform the original problem into two simpler problems (Fig. 1)
and one approximate assumption is suggested to calculate the
stress ﬁeld outside the inclusions. In the second step, Eshelby’s
equivalence method and the Saint–Venant principle are used to
analyze the crack–inclusions interaction as shown in Fig. 4.
The inﬂuences of crack plane angle and crack location on the va-
lue of the normalized stress intensity factor K I=K
0
I are investigated
in the numerical examples. The proposed analytical approximation
is also compared with the interaction between a crack and an
inclusion in order to understand the effect of two inclusions and
to assess the potential capability of the framework. The presence
of one more inclusion makes the upper threshold location and
the maximum value of K I=K
0
I change. These values are also chan-
ged when the angle of crack plane changes. It is observed that
K I=K
0
I increases when the angle of crack plane increases or the
crack approaches the upper threshold location. The same phenom-
enon is encountered when the inclusions become harder. Although
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mode stress intensity factor, the general analytical form gives a
solution for the shear-mode stress intensity factor as well.
Finally, by considering voids as inclusions with zero elastic con-
stants, this analytical approach is used to investigate a problem con-
taining two voids and a problem containing a void and an inclusion.
It is notable that the K I=K
0
I in the problem containing two voids has
an inverse shape compared with that given in the problem contain-
ing two inclusions. The cause of this phenomenon is the Lame con-
stants of voids are zero which is smaller than the Lame constants
of the matrix, while the Lame constants of inclusions is four times
larger than the ones of the matrix in the problem containing two
inclusions. In the problem containing a void and an inclusion, the ef-
fect of the void on the K I=K
0
I is more pronounced than the effect of
the inclusion 1 on the K I=K
0
I in the case of two inclusions.
In fact, the stress ﬁelds inside the inclusions and over the crack
site in composites with high inclusion or crack concentration are
not uniform. The analytical approach proposed in this paper is pos-
sibly applicable to composites having arbitrarily distributed parti-
cles and cracks, and can be used to predict the stress intensity
factor, crack propagation and damage evolution in composites with
moderate or dilute crack/inclusion concentrations.Acknowledgments
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A.1. Components dr1; . . . ; d
r
6 in Eq. (9)
The components dr1; . . . ; d
r
6 in Eq. (9) take the form:
dr1 ¼
l0  l1
l0
cr1; d
r
2 ¼
l0  l1
l0
cr2; d
r
3 ¼
l0  l1
l0
cr3;
dr6 ¼
l0  l1
l0
cr6
dr4 ¼
k0l1  k1l0
l0ð3k0 þ 2l0Þ
ðcr1 þ 4cr2 þ 3cr4Þ þ
l0  l1
l0
cr4
dr5 ¼
k0l1  k1l0
l0ð3k0 þ 2l0Þ
ðcr3 þ 3cr5 þ 2cr6Þ þ
l0  l1
l0
cr5 ð42Þ
where
cr2 ¼ 
br2
4br6ðbr2 þ br6Þ
; cr6 ¼
1
4br6
cr1
cr4
 
¼ b
r
1 þ 4br2 þ br3 þ 2br6 br1 þ 4br2 þ 3br3
br4 þ br5 br4 þ 3br5 þ 2br6
" #1
2cr6br1  4cr2ðbr1 þ 2br2 þ br3Þ
2cr6br4  4cr2ðbr4 þ br5Þ
" #
cr3
cr5
 
¼ b
r
1 þ 4br2 þ br3 þ 2br6 br1 þ 4br2 þ 3br3
br4 þ br5 br4 þ 3br5 þ 2br6
" #1 2cr6br3
2cr6br5
" #
ð43Þ
withbr1¼
l1l0
15ð1m0Þ 105
R
r
 5
75 R
r
 3" #
br2¼
l1l0
15ð1m0Þ 15
R
r
 5
þ15m0 Rr
 3" #
br3¼ðk1k0Þ
br1þ4br2
2ðl1l0Þ
þ3ðk1k0Þþ2ðl1l0Þ
30ð1m0Þ 15
R
r
 5
þ15 R
r
 3" #
br4¼
l1l0
15ð1m0Þ 15
R
r
 5
þð1530m0Þ Rr
 3" #
br6¼
l1l0
15ð1m0Þ
R
r
 5
þð12m0Þ Rr
 3
þð810m0Þ
" #
þl0
br5¼ðk1k0Þ
br4þ2ðbr6l0Þ
2ðl1l0Þ
þk0
þ3ðk1k0Þþ2ðl1l0Þ
30ð1m0Þ
R
r
 5
ð12m0Þ Rr
 3
ð210m0Þ
" #
ð44ÞA.2. Components da1; . . . ; d
a
6 in Eq. (10)
The components da1; . . . ; d
a
6 in Eq. (10) can be obtained by replac-
ing cri ; b
r
i ; r in Eqs. (42)–(44) with c
a
i ; b
a
i ; a, respectively.A.3. Components f r11 ; . . . ; f
r1
6 and f
r2
1 ; . . . ; f
r2
6 in Eq. (14)
The components f r11 ; . . . ; f
r1
6 in Eq. (14) take the form:
f r11 ¼
l0
15ð1 m0Þ 105
R
r1
 5
 75 R
r1
 3" #
f r12 ¼
l0
15ð1 m0Þ 15
R
r1
 5
þ 15m0 Rr1
 3" #
f r13 ¼
k0
2l0
ðf r11 þ 4f r12 Þ þ
3k0 þ 2l0
30ð1 m0Þ 15
R
r1
 5
þ 15 R
r1
 3" #
f r14 ¼
l0
15ð1 m0Þ 15
R
r1
 5
þ ð15 30m0Þ Rr1
 3" #
f r16 ¼
l0
15ð1 m0Þ
R
r1
 5
þ ð1 2m0Þ Rr1
 3" #
f r15 ¼
k0
2l0
ðf r14 þ 2f r16 Þ þ
3k0 þ 2l0
30ð1 m0Þ
R
r1
 5
 ð1 2m0Þ Rr1
 3" #
ð45Þ
In addition, f r21 ; . . . ; f
r2
6 in Eq. (14) can be obtained by replacing r1 in
Eq. (45) with r2.Appendix B
B.1. Parameters in Eqs. (17) and (18) (Fabrikant, 1989)
The parameters in Eqs. (17) and (18) take the formni1 ¼
1
p
ð1þ 2m0Þ cðl
2
2i  c2Þ
1
2
l22i  l21i
 sin1 c
l2i
 " #(
þ
cz0i
2 l41i þ c2 2c2 þ 2z0i2  3r0i2
 h i
ðl22i  l21iÞ3ðl22i  c2Þ
1
2
9=
;
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2
p
cðl22i  c2Þ
1
2
l22i  l21i
 sin1 c
l2i
 (
þ
cz0i
2 l41i þ c2 2c2 þ 2z0i2  3r0i2
 h i
ðl22i  l21iÞ3ðl22i  c2Þ
1
2
9=
; ð46Þ
where
l1i ¼ 12 c þ r
0
1
 2 þ z0i2h i12  c  r01 2 þ z0i2h i12
 
l2i ¼ 12 c þ r
0
1
 2 þ z0i2h i12 þ c  r01 2 þ z0i2h i12
  ð47Þ
with
z01 ¼ g sinaþ b cosa; z02 ¼ d sinaþ b cosa
r01 ¼
e2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2 þ g2
p þ ðg cosa b sinaÞgﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2 þ g2
p ;
r02 ¼
e2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2 þ g2
p þ ðd cosa b sinaÞgﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2 þ g2
p
ð48ÞB.2. Components t1; . . . ; t6 and u1; . . . ;u6 in Eq. (21)
The components t1; . . . ; t6 and u1; . . . ;u6 in Eq. (21) take the form
tm ¼ d
a
m þ dbm
2
; um ¼ d
a
m  dbm
2
ð49Þ
where dam is given in Appendix A.2 and d
b
m can be obtained by
replacing cri and b
r
i in Eqs. (42) and (43) with c
b
i and b
b
i , respectively,
in which
bb1 ¼
l1l0
15ð1m0Þ 105
R
a
 5
þ75 R
a
 3" #
;
bb2 ¼
l1l0
15ð1m0Þ 15
R
a
 5
15m0 Ra
 3" #
bb3 ¼ðk1k0Þ
bb1þ4bb2
2ðl1l0Þ
þ3ðk1k0Þþ2ðl1l0Þ
30ð1m0Þ
15
R
a
 5
15 R
a
 3" #
bb4 ¼
l1l0
15ð1m0Þ 15
R
a
 5
ð1530m0Þ Ra
 3" #
bb6 ¼
l1l0
15ð1m0Þ 
R
a
 5
ð12m0Þ Ra
 3
þð810m0Þ
" #
þl0
bb5 ¼ðk1k0Þ
bb4þ2ðbb6l0Þ
2ðl1l0Þ
þk0
þ3ðk1k0Þþ2ðl1l0Þ
30ð1m0Þ 
R
a
 5
þð12m0Þ Ra
 3
ð210m0Þ
" #
ð50ÞB.3. Components q1; . . . ; q6 and q
0
1; . . . ; q
0
6 in Eq. (22)
The components q1; . . . ; q6 and q01; . . . ; q
0
6 in Eq. (22) can be ob-
tained by replacing r1 in Eq. (45) with r01 and r
0
2, respectively.References
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